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1 Introduction

A 'FEW years ago, the author drew attention to the grow-
ing importance of viscoelastic analysis in evaluating

the structural integrity of solid propellant rocket motors 1 2

Although viscoelastic materials have been incorporated as
structural elements in many engineering situations, as, for
example, in asphalt pavements, their greatest recent applica-
tion, which has provided the stimulus for accompanying
analyses, has certainly been due to the increasing use of
viscoelastic solid fuels in rockets As described in the pre
ceding papers, this fuel is characteristically of two types:
double-base or composite The former is essentially an
equal-part mixture of solvent, nitroglycerin, and nitrocellu-
lose cast or extruded into the desired shape, whereas the latter
is composed of three-quarters relatively hard, but small,
oxidizer particles embedded in the remaining one-quarter
rubber fuel matrix In both cases, the elastomeric content
is sufficiently large to cause the mixture to possess significant
time-dependent properties

At the outset it should be recognized that the medium is
not the assumed isotropic-homogeneous continuum on the
microscale Nevertheless, for analysis purposes, it will be
treated as such in much the same way as concrete aggregate,
asphalt, or, for that matter, metals In the gross sense,
such an assumption is permissible with important exceptions,
such as stress-induced anisotropy and fracture origins, treated
separately

The difference between viscoelastic media and more com-
mon elastic ones lies essentially in the relation between stress

and strain Whereas normal elastic analyses are based upon
a (spring) constant proportionality between the two, with
Young's modulus as the proportionality constant, the more
general viscoelastic relation must allow for time or strain-
rate effects Conceptually, it turns out that the easiest way
to incorporate rate effects into the mathematical model is to
provide dashpot elements in addition to the elastic spring
elements In this way, an arbitrary stress-strain time rela-
tion can be represented by increasing numbers of spring-
dashpot elements having responses over a wide spectrum of
spring or rate sensitivities The least amount of analytical
complexity is introduced if the material is linearly visco-
elastic Such behavior implies that, at any instant, the
magnitude of a time-dependent response is directly propor-
tional to the magnitude of the applied time-dependent input
Fortunately, this assumption has proved sufficiently precise
for most solid propellant materials Thus, one is permitted
to assume that the spring and dashpot characteristics de-
pend at most on temperature, and that no nonlinear coupling
occurs in the stress-strain law Although the use of discrete
spring and dashpot element representation is conceptually
convenient, quantitative accuracy over large time ranges
usually requires an inordinately large number of such ele-
ments that algebraically complicate the analysis As an
alternative, therefore, one can develop a method for approxi-
mating the broad-band time response, wherein detailed
accuracy at any one time is sacrificed in order to obtain
reasonable representation over the complete time scale be-
tween the short-time (glassy) behavior and long-time (rub-
bery) behavior This approach leads to what is ordinarily
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called a spectral distribution of characteristic relaxation or
retardation times; and, among other uses, it is convenient
for preliminary design-type analysis where there may be only
limited mechanical property data as, for example, in the case
of new propellant formulations

Having noted that the main new effect in viscoelastic analy-
sis is incorporated in the stress-strain law, and having men-
tioned that one normally characterizes its behavior in terms
of a finite-element model or a spectral representation, it
is appropriate next to make some general statements as to
how viscoelastic stress analysis is conducted As summar-
ized in the earlier papers,1 2 the essential feature is the
existence of a "correspondence rule/7 originally proposed
by Alfrey3 for an incompressible material wherein, for most
problems of engineering interest, Laplace transformations
can be taken of the time-dependent variables and forcing
functions to obtain an associated elasticity problem in the
transformed variables The solution of this problem, when
transformed back into the real time variables, gives the de-
sired result In practice, this technique is first complicated
by the basic necessity of having to solve the (associated)
elasticity boundary-value problem, i e , the elasticity solu-
tion to a given problem is usually an a priori requirement to a
viscoelasticity solution, and if the elasticity solution is un-
tractable, as in some three-dimensional geometries, the
viscoelasticity solution will be more so In addition to this
fundamental but usual difficulty, two others arise The
first is the manner in which the viscoelastic stress-strain law
is to be introduced into the associated problem, with the
complexity approximately proportional to the number of
discrete spring-dash pot elements used in the material repre-
sentation The second is the mathematical problem of in-
verting the associated problem to obtain the physical solu-
tion As is well known, the basic inversion process usually
involves contour integration or residue theory with its com-
plexity depending upon the poles of the function being in-
verted It develops, however, that the character of visco-
elastic deformations is such that most of the poles lie upon
the negative real axis Schapery4 has taken advantage of
this fact to develop an important approximate inversion tech-
nique that permits a relatively straightforward calculation,
irrespective of the complexity of material representation

Considerable recent progress in viscoelastic analysis has
been made, but it is appropriate nevertheless to point out
that the problem of transient thermal viscoelastic stress
analysis, as in thermal cycling or grain curing, is significantly
more complicated than that for isothermal conditions
Practically speaking, this problem is still basically untract-
able, although several authors, following the initial Morland
and Lee5 formulation, have concerned themselves with engi-
neering applications The heart of the problem lies in the
sensitivity of the stress-strain law to temperature changes,
particularly in the dashpot elements The nature of diffi-
culty is qualitatively similar to the difference between solving
a linear differential equation with constant vs variable co-
efficients In the physical situation, the material properties
are changing simultaneously with the transient temperature
distribution through the body This problem area is ex-
pected to require additional effort before a completely satis
factory engineering analysis will have been attained

Accepting for the moment that one could carry out a stress
analysis for a given loading, specified material, and geo-
metrical configuration, it is still necessary to combine the
stress distribution with a failure criterion in order to evaluate
the structural integrity of a design As in the last surveys,
it is still impossible to state categorically a unique failure
criterion in terms of stress, strain, or combinations thereof
To restate the position, the majority of experimentally de-
termined failure data has been obtained under conditions of
uniaxial tension, although over a complete range of strain
rate and temperature [Actually a "reduced strain-rate"
parameter RaT(T) has been used because it is characteristic

that the dependence is basically upon the product of actual
constant strain rate R and an experimentally determined
temperature shift factor a^ ] On the other hand, it is evi-
dent that in most geometries of engineering interest the
stress or strain distribution is multiaxial Although, in
metals, experience has shown how to correlate uniaxial and
multiaxial states as for example, using the octahedral stress
(von Mises) criterion, such connection has not yet been
sufficiently well established for viscoelastic materials Fur
thermore, another complication arises because of the strain-
rate dependence

If, for argument's sake, one considers the three-dimensional
failure space in terms of the three principal stress axes, one
could plot the uniaxial failure stress at a given constant
strain rate R along one of the coordinate axes Further,
assuming isotropic failure, this same point also could be
plotted on the other two axes 0*1 = cru and cr2 = 0-3 = 0 with
the indices permuting Then, if one had failure data for
other multiaxial stress states at comparable strain rates
(hydrostatic tension, for example, wherein cri = cr2 = &$ =
&T, corresponding to a point on the vector, bisecting the 1,
2, 3 axes), it would be possible to construct a failure sur-
face for the given strain rate If it turned out, for instance,
that <rT = crw/31/2, the first octant failure surface could be a
sphere with radius o-u(R) Note, however, that, because R is a
parameter, there would be, in general, a new distinct surface
for each different strain rate (in this case more or less like
layers of onion skins) Hence, instead of a simple correlation
between uniaxial and multiaxial states as in the von Mises
correlation for metals, the association of multiaxial states for
viscoelastic materials must also include strain rate

The other important shortcoming of failure analysis re-
lates to behavior under varying strain rate As previously
mentioned, most testing has been conducted at constant
strain rate to failure On the other hand, actual loading
conditions will normally impose a varying strain rate on the
body in question It is a fair question to inquire how
one might predict failure in the latter situation given only
the former data Although Williams2 has proposed a cumula-
tive damage law analogous to the Miner law for fatigue, it
suffers inherently from many of the same type of deficiencies
and has led Knauss6 to a consideration of the micromech-
anisms involved and the possibility of a significantly im-
proved treatment

In concluding these introductory remarks, it is pertinent
to comment upon two other items specifically pertinent to
the viscoelastic analysis of solid propellant rocket motors
The first of these relates to the stress analysis of thick-walled
cylinders with special reference to three-dimensional end
effect and finite length Recall first the statement that an
elastic solution is usually the prerequisite to a viscoelastic
one In this connection Parr and Gillis7 and Messner8 have
programmed numerical solutions by which one is now able
to evaluate the deviation from simple (infinite length) plane
strain results In particular, one can now, at least for flat-
ended cylinders,7 read from design charts the central stresses
and strains, choking deflections and bond-end loads for a
variety of loading conditions, web fractions, material proper-
ties, and length-to-diameter ratios Further, using the
Schapery inversion, this digital data now can be extended,
in conjunction with property data, to the viscoelastic
situation

The other item represents an interesting design considera-
tion, formerly restricted to the automobile tire industry,
brought to the attention of the rocket industry by Tormey
and Britton 9 In some rather startling photographs, they
have demonstrated that, if viscoelastic materials are vibrated
as during flight, transportation, or handling conditions, they
may generate sufficient heat as a result of cumulative viscous
dissipation to degrade the material significantly, even to the
point that the material flows Although the basic phenome-
non is not new and can be related directly to an interaction
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between the natural frequency of the configuration and the
imaginary part of the complex shear modulus (loss tangent),
its possible occurrence in rocket motors should be noted by
designers and suitable analytical and experimental action
taken

In proceeding now into a more detailed consideration of
some of the points discussed, certain aspects of the presenta-
tion and organization of material will follow the compre-
hensive report prepared by the author and his colleagues,
Blatz and Schapery,10 relating to the structural integrity
evaluation of solid rocket grains, which important collabor-
ation is gratefully acknowledged

2 Material Characterization

In an isotropic homogeneous elastic body, there are only
two independent material constants that, without loss of
generality, can be taken as the bulk modulus K, relating the
dilatation stress and dilatation strain, and the shear modulus
G, relating the shear stress and strain Specifically, let the
deviatoric stress and strain components be st-/ and e»y, respec
tively, such that

__ __ /_1 \£ /Q -I \

__ _ /i\/j /o o^\

where an and e»y are the usual stress and strain components
The deviatoric stresses, therefore, are those from which the
hydrostatic component has been subtracted In this form,
the distortion, or shear relation, becomes

s,j = 2Ge,j (2 3)
and the dilatation, 01 bulk relation becomes

er« = 3£€« (24)

Turning now to the conditions in a linearly viscoelastic
medium, it is convenient to interpret the isothermal stress-
strain relation in the linear differential operator form which
can be associated with a combination of springs and dashpots,
namely,

passing that, if these two characterizations are given, the
other commonly used (associated) material quantities can be
found from

E(p) = 9(?(p)g(p)
3K(p) + G(p)

3K(p) - 2G(p)
GK(p) + 2G(p)

(211)

(212)

The Incompressibility Assumption

It is customary to assume that rubbery materials are
essentially incompressible, which for small strains is equiva-
lent to assuming an infinite bulk modulus or a Poisson's ratio
of one-half Because the precise measurement of com-
pressibility is not yet commonplace in most laboratories, it
is pertinent to dwell for a moment upon three basic stages of
approximation to the material behavior The first is the
one already mentioned — incompressibility in bulk but per-
mitting viscoelastic shear behavior The second permits a
finite value of the bulk modulus but neglects any time de-
pendence, thus replacing its actual time-dependent behavior
by an average constant (elastic) value The shear behavior
is assumed viscoelastic as before The last stage is to assume
that both bulk and shear are viscoelastic, with the approxi-
mation lying solely in linearity, isotropy, and homogeneity

The first case gives, therefore,

K(p) = « v(p) = \ E(p) = 3G(p) (2 13)

whereas the second gives

K(p) = K

E(p) =

= 3K< - 2g(p)
QK + 2G(p)

• G(p) (2 14)
3K + G(p)

and the incorporation of either assumption usually depends
upon the availability of experimental data

(2 5)

[dd/d£ + + do]e«(aM) (26)

wherein the material constants an, bm, c , and d are to be
determined from experimental measurements as, for ex-
ample, fitting the stress response to specified bulk and shear
inputs Bypassing for the moment a more detailed descrip-
tion of their determination, consider the Laplace transforms
of (2 5) and (2 6) for zero initial conditions,

[a pn + + ao]

(27)

[cp + Co] "'^
=3K(p)ea(xi,p)

or their inverses,

36ii(xk,p)=B(p)ffii(x,,p)

(28)

(29)

(210)

which reveal the pseudoelastic character of the stress-strain
law in the transform plane by comparison with (2 3) and (2 4)
The purpose of material characterization is to determine the
nature of G(p) and K(p) in a convenient form that can then
be used in subsequent stress analysis It may be noted in

Chai acterization Methods

In an elastic body, the material parameters, for example,
the Young's modulus E, can be determined through one of
several tests as convenient to the experimenter Although
it is customary to test uniaxial bars in tension, it is equally
possible to measure E by bending a narrow cantilever beam
Similarly, for viscoelastic media one determines G(p) and
K(p) by some test convenient to the experimentalist For
these purposes four are commonly used: 1) step-strain
input, measure stress-relaxation output; 2) step-stress input,
measure creep-strain output; 3) constant strain-rate input,
measure stress output; and 4) sinusoidal-stress (strain) in-
put, measure strain (stress) output Any of these may
be selected, although practical limitations usually cause the
data to be more reliable in some time regions than others,
thus requiring two or more tests, perhaps overlapping in
their time ranges of applicability, to characterize completely
the response for all times between zero and infinity

As a case in point, test 1 of the forementioned calls for a
mathematically sharp step-strain input One attempts to
achieve this condition in the laboratory in a "trap-door"
reaction by displacing the end of a tensile specimen a finite
distance in zero time Hence, as a practical matter, there
is always a minimum rise time of the order of milliseconds
below which the strain has not reached full value If faster
displacements are imposed, say by explosive caps, inertia
effects normally disregarded may be introduced Such
limitations, therefore, lead to poor resolutions at very short
times On the other hand, a sinusoidal high-frequency
oscillation is quite practical and permits one to fill out the
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short-time end of the time scale by combining two tests in-
stead of relying solely upon one

It is important to note, however, that the four common
tests just enumerated are not exhaustive by any means It
suffices to impose a completely known input and measure
completely the response in order to determine the operator
G(p) or K(p) For example, if one were to impose a known
ramp strain input from zero time to 1 msec, and constant
thereafter, and simultaneously measure the stress relaxation
carefully from zero time, then, in principle, the transforms
of the input and output data could be computed, numerically
if need be, and the division of one by the other would com-
pletely specify the material property operator Indeed,
appreciating the indeterminacy of the applied strain at short
times, Francis and Cantey11 have used the actual partial
ramp input in obtaining the shear operator It is worth
emphasizing that the selection of a particular test, one of the
forementioned or another, becomes solely a matter of experi-
mental accuracy, not one of principle

It has already been indicated that alternative assumptions
regarding compressibility can be introduced For the pur-
pose of itas&^D&m m IteM of the principal stresses and
strains take

(215)

and consider a simple uniaxial tension test of an incom-
pressible material Thus, cri = <r, o-2 = 0, ei = e, e2 = — ve\
for v = \, or

= E(p)e(p) (216)

This relation will be used in several examples and is, of course,
the viscoelastic analog of the uniaxial elastic tension test

Stress relaxation

Assuming perfection in the experiment such that e(t) =
e0 for t > 0, then g(p) = e0/p Upon defining the relaxation
modulus

E el(0 = ff ei(p) = <T ol(p)/Cb (2 17)

as the normalized stress relaxation to the step strain, one
has, using (2 16),

giving

E(p) = (218)

Creep

In a similar fashion, but beginning with (2 9) and noting
that the inverse of E(p) is defined as the compliance D(p),
one finds that, due to a step-stress input <r(t) = o-0, then

CTQ/P Upon defining the creep compliance

D = 6C p(0/<r, A, ,(p) = (2 19)

as the normalized creep response to an applied step stress,
one has, upon inverting (2 16),

c(p) = D ( p ) f f ( p )

leading to
D(p) = f(p)

(220)

(221)

Constant strain rate

This test is commonly used because it is mechanistically
possible to design a fairly satisfactory testing machine to
impose a constant cross head speed, which, within a reason-
able approximation, gives a constant strain rate R in a tensile

specimen Thus, one requiies e(t) = Rt or e(p) = R/p*,
and the stress response is crt n(£), such that (2 16) gives

[pat M/R] = [E(p)/p] = E i( (222)

using (2 18) The left term, however, is the transform of
the slope of the tensile stress strain curve during the constant
strain-rate test,

(2 23)

(224)

»(t)/Rdt] = pat n(p)/R

which is precisely the relaxation modulus,

[d<rt n(t)/de]€ = Rt = E &)

Dynamic response

This experimental technique consists in applying an oscil-
lating stress or strain input at constant frequency Return-
ing to the linear differential operator form of (2 16) as in
(2 5), one has

+

+ 60]c(0 (2 25)

There are two possibilities: 1) the strain is specified as e0e^,
where e0 is real representing the maximum amplitude of the
sine wave, and the response is <r V"* with a * a complex func-
tion of frequency, or 2) the opposite situation with the stress
prescribed as crtff"* and strain as e*eitat

Upon substituting into (2 25) for the first alternative, one
finds

so that, upon incorporating the definition of complex modulus,
one has

(226)

Similarly, the complex compliance to the stress input is
conveniently defined as

e*(w)/(To = D*(co) = D'(a) - iZ)"(co) = [l/JE'*(co)] (2 27)

It is also convenient to write the complex modulus and
compliance in terms of magnitude and phase angle

E*(u) = E*\ei5 = [(EV + (E")*]l*2eid (228)

D*(co) = \D*\e-*5 = [(D')2 + (D")2]1/2e-^ (229)

where the reciprocity (2 27) requires that

\E*\ \D* = 1

and the lag angle 5 is given by
(230)

(231)

Mathematical Representations

Having described four tests by which G(p), and by an ob-
vious extension K(p), may be determined, let us consider
specific alternate mathematical representations of these
quantities The first of these is by discrete mechanical
elements, the second by continuous spectral representation,
and the third by broad band characterization

Discrete element models

The simplest elements are, of course, the Hookean spring
and the Newtonian dashpot Their behavior, as well as
that of their parallel (Voigt) and series (Maxwell) arrange-
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Creep and recovery

<Ti

where

e = e €d

G?e« 1 d<rm

dt mm dt

m

Operator equation

d '

m

(a)

(b)

(c)

(d)

(e)

['-
.-[. <ro~l / me (t- ti]- — expf - — ̂ ———'-

mffj \ mO Tm

't > ;

Relaxation

Q~t/Tm m C() for / > 0

V& w_

(d . rae 1 \
— + — — )dt mg rmj

<t)

Constant strain rate

<r

where

(R = strain rate)

< = mg

Fig 1 Three-element model: Maxwell and Spring

ments, was summarized earlier x From the physical stand-
point it is important to recognize that the Maxwell arrange-
ment of the two elements in series corresponds to an un-
limited deformation under load similar to that occurring in
an uncross-linked polymer On the other hand, the Voigt
arrangement, providing for a maximum displacement limited
by the elastic deformation of the spring, corresponds physic-
ally to a cross-linked polymer In the latter case, the
individual long polymer chains possess cross ties, which permit
significantly greater shear rigidity In a qualitative way,
uncross-linked polymers as polyisobutylene have unlimited
deformation, whereas cross-linked systems as polyurethane
are stiffer and possess a finite long-time rubbery modulus
(Photoelasticians may recognize that the soft sensitive bire-
fringent material Hysol is a member of the urethane family )

The simplest model to possess most of the general features
of viscoelastic deformation is the typical three-element model
shown in Fig 1 It exhibits an instantaneous glass} re-
sponse as well as delayed elasticity and recovery As has
been intimated earlier, there are unfortunately only three
material constants, two spring constants and one dashpot
viscosity, with which to curve fit the response of an actual
material, and it would be highly unlikely that they would be
sufficient in the general case Nevertheless, for a very re-
stricted range of time, or for qualitative demojnstration of
viscoelastic effects, it is very useful The first thought in
improving finite element accuracy is to increase the number
of elements This subject has been investigated by many
authors, and Elder12 has recently completed a comprehensive
study that included as many as 8-10 elements Although
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where

de r 1 d . 1"|
— = I —— — + — <Ti
rfi L m» ̂  *?» J

(a)

(b)

(c)

(d)

Operator equation

Using (c) and (d) in (b),

(J
Relaxation

e = eo for 2 > 0

where

dt

mg - m =

e(0 (e)

(f)

To obtain integral representation, let

mi = H(Ti)(AiT/Ti)

and take the limit

f C°° H(r}e~t^T 1m + I — — ——— dr = m(t) =
Jo T J

f °° H(r) jmg — m = I — — d
Jo

relaxation modulus

(g)

where

because stress responds to the glassy modulus at zero time,
i e ,

lim
n— *•<»

v H^AiT _ r H(T}
i = l ( d ^ l\ " jn (d ^l\+ r< Jo + r

0<r<°

j

Operator equation for an infinite number of elements:

m + I y-j——r^— dr ( -
JO ( — + - J T ^

where H( T) = relaxation spectrum

Rt

= I'm + f ^drleo = m,e0

onstant strai

= [mt+ I

Constant strain rate

(i) Differentiating this equation with respect to time yields
da/dt = Rm(t) or dcr/de = m(e/R)

where a — stress in constant strain rate test

Fig 2 Wiechert model

the accuracy over larger time intervals did indeed increase,
one must remember that one of the important purposes of
the data representation is to use the final mathematical
formula for, say, jEJ(p)[Eq (27)], in stress analysis As
G(p) is the ratio of polynomials which require subsequent
Laplace inversion, the computations can become rather
un wieldly

Spectral representation

If one passes to the extreme of an infinite number of ele-
ments, it develops that, in some ways, a simpler result in
terms of a relaxation spectrum can be obtained Figure 2
shows the result for an infinite array of Maxwell elements
in parallel plus an equilibrium spring (Wiechert model)
An extension of the force and deformation balance as used in
the three-element equation to the n element situation gives,
in operator form,

[(d/dt) + (l/r)]r
£1
dt) «(0 (234)

(7(0 = {Ee +
TO,-

(d/dt) + (1/r,-) *h® (232)

in which H(r) is known as the relaxation spectrum, and E is
the long-time elastic or rubbery modulus It is thus seen
that, instead of having to determine an infinite number of
experimental constants rat- and 17*, the problem has been
traded for one of determining a suitable function H(r)
In any event the basic problem remains the same A known
input e(t) is imposed and the resulting response cr(t) meas-
ured: with ff(t) and e(£) known, H(T) is then found as the
result of solving the integral equation

Broad-band approximations

As a practical matter, however, it is more expedient to
guess various functional forms for H(r), integrate, and com-
pare with the experimental data If they do not agree well,
try a new assumed form for H(r) In this way, and guided
by an understanding of polymer mechanics, one can assume
H(r) to be of the form

where the relaxation time of the ith spring is n = tii/nii
Corresponding to each relaxation time f», there is a definite
spring constant mi and viscosity 17; Thus, one can associate
or postulate a function m* = w;(r?j) = mi(ry) that becomes
continuous as the number of elements or increments at AT
increase without bound A convenient form is found to be

H(r) = c(r0/r)nexp( —ro/r) (235)

i = [ff(T<)/Tt.]A<r (233)

which is commonly known as the modified power law vari-
ation Suppose, for illustrative purposes, that one of the fore-
mentioned four tests is run on a given material, e g , constant
strain, e(t) — e0 In this case, after Laplace transformation,
(2 34) becomes

so that, upon substitution into (2 32) and passage to the
limit, there results
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where

<T = CT i

——dt

Operatoi equation

« < o = r * . + E

(a)

(b)

(c)

(d)

(e)

(f)

(g)

'///////////j

LU

111
4- 4-

M «>
•« *,iV-e*

i = l

To obtain integral representation let

ki = L(r,)—
Ti

and take the limit

i i
» KrQ^r f- JXr) J ,.hm 2J -/d — rr~ = -/d — i\~ (j

^V-^' + i-V' J ° + i T ' where

Operator equation for an infinite number of elements:

KT)

k
dr= \k.+

L( r) = retardation spectrum
Creep

<r = <TO for £ > 0

_ * „ = r*M
Jo T

(k) Constant stiess rate

a- = Rt

e(t) = l fi

f* CO -j- , \f -t __ t / T\ ~1/ Z / ( r ) ( l — 6 r / T ) 7 / x T&& + I —————— dr ̂  A;(0 = creep compliance
Jo r J

Differentiating this equation with respect to time yields

dc dc f (j \— = Rk(t) or — = kl — }
dt da \R/

where e = strain in constant stress rate test

or, in terms of the relaxation modulus,

E j(0 =E dr (2 37)

Note that, at short time t -+ 0, one must obtain physically
the glassy or short-time modulus Eg,

(238)

which amounts to a normalizing condition upon the area
under the relaxation spectrum curve

Upon substituting the assumed modified power law (2 35)
into (2 37), one finds

Fig 3 Kelvin model

The relaxation spectrum is therefore given by
f

— TO
T(n) (241)

= E + [x + (t/TQ)]n (2 39)

where the normalizing condition (2 38) was used to find that
[cf Eq (235)]

The expression (2 39) for the relaxation modulus is observed
to limit-check the glassy and rubbery behavior at short and
long times, respectively This broad-band representation
is, therefore, seen to possess four arbitrary constants in
eluding the limiting moduli values The exponent n gives
the slope of the relaxation curve through the transition re-
gion between glassy and rubbery behavior, and r , for iso-
thermal conditions, fixes a characteristic relaxation time

This approximation has been found to be reasonably accurate
in several cases, but, before expanding upon this type of
broad-band curve fit, it should be mentioned that a similar
formula can be developed for a retardation spectrum L(r)
[which is the inverse form for (2 34) ], which is useful when
the stress is imposed and the strain is desired [Note that,
if the stress was given in (2 34) along with H(r), the calcula-
tion of the strain was not direct ] In this case the infinite
array of Voigt elements in series, called a Kelvin model (Fig
3), leads to the general relation

c= ((Eg-E)/T(n)} (240) €(0 = <242>
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———— RONY SERIES (SEE PENDIX)
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Fig 4a Various representations of relaxation modulus for
HC binder
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Fig 4b Various repi esentations of creep compliance for
HC binder

Recognizing that relaxation and retardation are basically
reciprocal, one could also postulate a modified power law
forL(r) as

= c'(T/ro)"' exp(-r/ro) (243)

but the integration for the creep compliance does not give
a simple form, and it is more direct to assume a reasonable
expression as10

= D0 (244)

where n may be the same exponent as in the relaxation modu-
lus and r0' is chosen for the best fit of the data or matching
the reciprocal value of the relaxation modulus at the center
of the transition region Note that the limiting compliances
at short and long times, Dg — l/Eg and D = l/Ee, respec-
tively, are satisfactorily obtained in (2 44)

Interrelation of creep compliance and relaxation modulus

The method of approximation previously used for creep
or relaxation individually must not be misinterpreted, be-
cause it is obvious that E(p) and D(p) are related In fact,
combining (216) and (220) shows that E(p)D(p) = 1
Hence, using (2 18) and (2 21), one finds

E(p)D(p) = (245)

so that if E \(p) is specified, e g , as through (2 36), then
I)c p(p) is uniquely determined from (2 45), and vice versa if
Dc p(p) is prescribed Specifically, multiplication of the
respective transforms of (2 34) and (2 42) requires

PT
l = 1 (246)

On the other hand, as the modified power laws for both creep
and relaxation are approximations, the resolution of relative
accuracy should properly rest upon experimental evidence

Comparison of typical data (Fig 4) for a viscoelastic
carboxy terminated polymer, commercially produced as
unfilled HC rubber, reflects the fact that the time-dependent
relaxation modulus and creep compliance are essentially re-
ciprocal throughout the time range, not only at the limit
values, i e , Dcp(t) = [E^(l)]'1 It should be emphasized,
however, that, accurately, the reciprocity exists only in the
transform plane, e g , Eq (245), but that, if necessary for
engineering expediency, the reciprocity can be tentatively
extended on an ad hoc basis For comparative purposes, the
modified power law fit to the relaxation modulus for a filled
HC propellant, as given by Kruse,13 is reproduced in Fig 5

Interrelation with the dynamic data

It is frequently necessary to convert from relaxation data
to dynamic data For this purpose, it is convenient to trans-
form (2 34), namely,

H(r)dr

and, upon noting (2 26) with p = iw, to find

(247)

(a>)=#» <#'(«) = -Ee + f " . (^ . . -rfr (2 48)Jo iw + (1/r) r(1/r)

which gives the real and imaginary parts

/ •» ff(r)coV2 dr
JO 1 + w2r2 r

dr

E

^ /•» #(r)ojr Jr
^ (C°^ Jo 1 + co2r2 r

(249)

(250)

It would be desirable at this point to insert, for example, the
modified power law (241) and integrate explicitly Ihis
latter step does not yield a simple result, but, as a related
approximation, Catsiff and Tobolsky14 show that the differ-
ence between Ete\(t) and E'[(<a) = 1/t] is very small, with the
result that, as long as — 1 < n < 2,

where

[(7r/2)csc(n7r/2) -

H(T) = cr~n

(251)

(252)

is the straight (unmodified) power law approximation to the
relaxation spectrum valid only through the transition region
The complex modulus, with a similar assumption for H(r),
becomes

= [(7r/2)sec(mr/2)]#(l/co) -Kn<l (253)
These formulas and others have been collected and dis-

cussed by Smith,15 who also compared the accuracies of the
various approximations against published experimental data
for polyisobutylene

Series approximation

Having now some idea of methods for characterizing the
material behavior through any of four types of tests, it is
appropriate to consider how the information will be used in
stress analysis Assuming, therefore, that experiments
have been performed at, say, constant strain rate, fitted
numerically to a linear differential operator or modified
power law, and, perhaps, subsequently converted to relaxa-
tion modulus, creep compliance, or dynamic form, it is de-
sirous to record also the transformed operator E(p) For-
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mally,_having obtained E e\(t), for example, one can deter-
mine Er \(p) as

E< - Jo" exp(-pt)dt (254)

and then E(p) = pE ei(p) Alternatively, a knowledge of the
material constants an, bn permits E(p) to be written down
formally as the ratio of two polynomials It develops,
however, that either procedure leads to numerical com-
plexity when E(p) is incorporated into the stress analysis;
indeed, insertion of even the simple modified power law
representation (2 39) into (2 54) leads to a complicated
transform in terms of incomplete beta functions 10 It is
desirable, therefore, to have some method of representation
which is not only accurate but tractable

In attacking this problem Schapery4 has taken advantage
of the decaying exponential character of viscoelastic deforma
tions to propose an effective collocation scheme Choosing
the relaxation modulus for illustration, he assumes that

E ei(0 = E. + S Ek exp(-t/Tk) (255)

which Dirichlet or Prony82 series expansion can be thought
of as an arbitrary expansion of the function E e}(t) into a
"Fourier series" of real exponentials having the Fourier
coefficients Ek and modulus (i/rk) instead of the usual in-
teger k Under certain conditions, this expansion is mathe-
matically complete, although it is not possible to write
down explicitly the solution for the coefficients as in usual
Fourier analysis Schapery then selects N decades of time
over the transition range of the experimental data and sets the
range of rk such that one rk falls in each decade over this range
He proceeds to collocate N points against the experimental
data and observes that, for vanishingly small times, the
glassy modulus must be recovered, namely,

E ei(0) = E0 = E (256)

so that the collocation is performed a,i N — 1 points
Reading the values of E ei(tj) at the N — 1 points, t, leads to a

set of linear algebraic equations from which to determine
the Ek Schapery points out the important fact that this
matrix is essentially triangular and can be solved easily by
simple means (slide rule or desk calculator), even w-hen the
transition range extends over 20 decades Moreover, it is
also important that the Laplace transform of (2 55) is straight-
forward :

or

E(p) =
prkEk

prk + '.

(257)

(2 58)

and essentially permits the factorization of the ratio of the
two polynomials (27) in an expeditious fashion It further
may be noted that the spectrum of retardation times is dis-
tributed over the transition range at the discrete real values
Tk

Furthermore, with p = ico, the complex modulus also can
be computed easily:

= Ee

such that

= E.

E"(u) = 2
1 +

(259)

(260)

(261)

Also, the tensile stress during a constant strain-rate test is
easily found by integrating (2 24) using (2 55) :

<rt n(0 = E Rt + 2 EkRrk[l - exp(-$/T*)] (2 62)
so that it is readily seen that a knowledge of the Ek over a
finite number of decades of time associating the range of Tk
with the transition range readily permits alternate representa-
tions of the data after the Ek have been determined once, as
in a relaxation test An illustrative example of the Schapery
inversion is given in the Appendix

To complete this aspect of the material representation, one
should next show how Dc p(t) could be obtained from the curve
fit of E ei(0 As mentioned earlier, the mathematically
correct way of determining Dc p(t) is through the Laplace
transform relation (2 45) Thus, one would compute

Dep(p) =

and formally invert using

On the other hand, one could, following (2 55), assume

D P(0 =Da+ 2D>[1 - exp(-«/r*)] (2 65)

with the limit requirement for the rubbery compliance at

A*P(«0 = D0 +
and compute the transform

T) I y T)v; / N LJ„ -f ^-/Uk ^ -

= De (266)

P
De

P
DkTk

prk +
(267)

With [p2jE iGs)]"1 a known function of p, collocate (2 63) as
a function of p to find the Dk Knauss16 has carried through
this process for an HC rubber and found that the results are
nearly indistinguishable from those obtained much more
directly using the simple ad hoc relation (Fig 4b)

AP(0 = [l/#ei(0] (268)

which can then be collocated in the physical time plane to
determine the specific values of Dk in (2 65) With these
values thus determined, the components of the complex
compliance D'(co) and Z)"(co) can be computed in an analo-
gous manner to that used in finding £"(co) and E"(oo) from
E i(t) as in (2 60) and (2 61)

T I 57xl04 ;n 0260

Points Calculated From
Modified Power Law With
Above Constants

Points Token From Slope Of
Experimental Master Stress
Strain Curves

Ep 200

z. i
Log ft min /OT]

Fig 5 Modified power law representation of relaxa
modulus for HC propellant (ay = 1 at T = — 30°C)

of relaxation
13
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Fig 6 Stiess-stiain curves fiom constant strain-iate
test at diffeient tempeiatures; unfilled HC rubber 16

Time-Temper a tui e Shift

So far, little has been said of the effect that temperature has
upon the constitutive equation It has developed, how-
ever, that there exists a fortunate, although essentially un-
explained, association between time and temperature which
reflects quantitatively the observation that behavior at high
temperatures and high strain rates is similar to that at low
temperatures and low strain rates The usual form of this
interrelation, due to Williams, Landel, and Ferry,17 is

log10ar(T) = - TR)/(K + (T -
(269)

where t is the physical time to observe some phenomenon at
the temperature T (°K) compared to the time for a similar
phenomenon at a reference temperature TR For most
unfilled elastomeric systems, it has been found experi-
mentally that Ki = 8 86 and K - 101 6 By multiplying
numerator and denominator by the constant rate R, aT =
eT/tQ, so that, under constant strain-rate conditions, (2 69)
can be interpreted as relating strains at two different tem-
peratures

Using this time-temperature relation, or the Williams,
Landel, and Ferry (WLF) equation, one can, therefore,
deal simply in terms of a reduced or reference time*

{ = fe = t/aT(T) = tA(T) (270)
which is independent of temperature Materials that
follow this law are classed as thermorheologically simple
The definition of a reduced time for varying transient tem-
perature is given by

(271)

which is seen to reduce to (2 70) for isothermal conditions
To understand the implications of (270), consider the

Dirichlet series (2 55), which can represent the relaxation
of a discrete model in uniaxial tension,

#rel(0 = Ee + 2Ek eXp(-*/Tfc) (2 72)

If one neglects the linear dependence of the spring or non-
* The various common notations are combined here for

later use

flow segments upon absolute temperature because of the
relatively small percentage effect over the temperature ranges
of usual concern for elastomers,! that is, E (T/TR) = E ,
and, hence, assumes that all of the characteristic relaxation
times Tk depend upon temperature in the manner (2 70), i e ,

Tk = TkRO>T (273)

then (2 72) becomes

E ,(0 = E + S#t

E + 2Ek exp/ tR*p - —
\ TkR

(274)

It is obvious that there will be no change in the relaxation
modulus with temperature, provided that the physical times
are all divided by the temperature shift factor

The term shift factor arises from the way in which aT is
determined experimentally By way of illustration, if
stress lelaxation due to constant-strain input is measured
at various temperatures over the usual four or five decades
of time of which most constant rate testing machines are
capable and the resulting data are plotted on log-log paper,
they might look as in Fig 6 It would appear that if one held
the upper cold temperature curve fixed and translated the
lower curves to the right by an increasing amount, depending
upon the temperature, a continuous smooth cm ve \\ ould result
from the "temperature shift " One would then have con-
structed a table or plotted a graph of the decades of tem-
perature shift from the reference low temperature as a func-
tion of temperature This graph, in the form of logaT
(ordinate) vs T (Fig 7), is called the shift curve and is the
one which is usually well approximated by the WLF ex-
pression (2 69), except at the warmer temperatures in this
polymer It should be noted that the reference temperature
in (2 69), which is normally 50°K above the glass tempera-
ture of the elastomer, is consistent with the — 80°C glass
temperature for HC binder It also should be remarked
that the WLF relation also seems to apply to filled poly-
mers, although Milloway and Wiegand18 have presented
some evidence that a vertical, as well as a horizontal, shift
may be necessary for best accuracy

The fact that this scheme works so well for polymeric
materials suggests that there is something rather simple in
the nature of flow processes of polymer molecules It was
first shown by Leaderman, Smith, and Jones19 that the
solution viscosity of polymer molecules above a certain mini-
mum chain length is independent of chain length and de-
pendent only upon temperature Second, it was shown by
Rouse and Sittel20 that the distribution of relaxation times
governing solution viscosity is strictly a function of chain-
length distribution Zimm21 then extended these statements
to bulk viscosit}^ It follows, therefore, that a given re-
laxation time Tfc, characteristic of any one element of a me-
chanical model or of the /cth flow segment in a polymer
chain, must depend separately upon temperature and chain
length as postulated in (2 73)

A complete discussion of the mechanics of the shifting pro-
cedure, with expository background material, has been pre-
sented bv Smith22 and Landel and Smith 23

3 Engineering Analysis

As intimated earlier, the facility with which one can carry
out a viscoelastic analysis depends to a large extent upon the
correspondence rule by which an elasticity problem is asso-
ciated with the viscoelastic one In its earliest form, it
was first proposed by Alfrey3 and extended by Tsien24 and

f Nevertheless, it is customary to plot normalized modulus
and stress data vs reduced strain rate as ETR/T or <rTR/T vs
t/CLT
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Lee,25 as well as being explored for the anisotropic case by
Biot26 The technique hinges essentially upon transforming
the equilibrium, compatibility, and boundary conditions
with respect to time in order to obtain a new set of "elas-
ticity" equations in the transform plane The transform
variable p is then merely a parameter during the solution of
the associated problem The final step requires the inversion
of the transform solution back into real time

Because the effectiveness of the method depends essen-
tially upon the existence of a transform, as a practical mat-
ter, the technique is restricted to linear viscoelasticity
Furthermore, there are certain problems within this class
which must be treated differently One of these is that
where the boundary conditions change in a nonproportional
way with time, as in a rolling contact problem,27 or when
the physical boundary itself changes with time 28 29 Another
important class is that of transient thermoviscoelastic prob-
lems, of which more will be said later Nevertheless, a sig-
nificant number of practical pioblems can be treated using
the correspondence principle Typical illustrations, chosen
primarily from those occurring in the analysis of solid rocket
motors, will now be given

The first example presented earlier1 relates to a pressurized
thick-walled cylinder Consider, therefore, the following
formal steps for obtaining the viscoelastic stresses, strains,
and displacements in an infinitely long (plane strain) thick-
walled tubular cylinder of viscoelastic material encased in a
thin elastic shell Let the assembly be subjected to a varying
internal pressure P(t)

1) Assuming that the material is elastic, write down the elas-
tic solution for cr^, e#, and Ui as a function of the geometry,
loading, and elastic materials, e g , e»v = e^fa', P, E, v)

2) Replace all time-varying quantities by their Laplace
transform equivalents:

3) Replace the
equivalents :

K -> K(p)
E -* E(p)

> Ui(P) P(t) -> P(p)

elastic constants by their viscoelastic

G G(p)
v(p)

These replaced values are obtained from the material char-
acterization either as the ratio of polynomials (2 7) and (2 8)
or as the transformed Dirichlet series (2 58)

4) Transform the physical boundary conditions, e g

T T O f WLF q

I

Fig 7 Shift factor for reduction of stress-strain data of
Fig 6

Boundaiy Conditions

a (a) = 0

u(b) = u (b)

a (b) = a (b)

(33)

(34)

(35)

where the subscript c refers to the case of properties E, vc,
and thickness h

Observing the first rule, the elastic solution can be easily
obtained For example, the contact pressure cr (6) between
the case and grain is

2(1 - v)a*P
(36)

[a2 + (1 - 2^)&2] +

and the associated elastic solution becomes, therefore,

a2 + [1 - 2v(p)}b2 + {(fe2 - a2)(l - v*)bE(p)/[l + v(p)]hE (37)

5) Solve the associated elasticity problem, now formulated-
in terms of the transformed field equations and boundary
conditions for the transformed stresses, strains, and displace-
ments to obtain, e g ,

6) Carry out the inversion of the dependent variables, e g ,

For the problem at hand we have the internal and exteinal
radii a and 6, respectively, with the pertinent equations:

Equilibrium

do-— -
or

ov — 0-g

Compatibility

V2(ov + ae) = 0

(31)

(32)

For given loading and material properties, the solution for
a (b,t) can be formally obtained by direct inversion

It is at this point that computational difficulties develop
because, in a discrete element model for E(p) and v(p), each
of which involves a ratio of two polynomials, it is readily seen
that when the fractions are cleared it does not take many
terms in E(p) or v(p) to generate large-term polynomial ratios
for a (b,p) The complexity, of course, arises in factoring
the polynomials in order to compute the inverse transform
For this reason, anything more than a four- or five-element
representation of the material becomes unwieldy On the
other hand, if one is seeking only qualitative viscoelastic
results, a small element approximation may be sufficient

In the earlier paper,1 for example, the result for a step
pressure P = p^ P(p) = pt/p and an incompressible body
v = | was based upon a two-element Voigt representation
for the tensile modulus

(38)^(0 = 3 h -^
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such that

E(p) = [3-(p)/g(p)] = 3Go(pr + 1) (3 9)

With this substitution and X = 6/a, (3 7) becomes

„ , p* 1
pi + 2(1 - P 2)(X2 - l}(bG,/hE)(pr + 1)

(310)
which can be easily inverted using transform tables to find

* (6,0 = 2(1 - z/ 2 ) (X 2 - l)(bGQ/hE)
-{I + 2(1 - *>C

2)(X2

2(1 - ^ 2 ) (X 2 - l)(bG0/hE)
(311)

wherein it may be noted that, at long times, the solution
approaches the elastic one Note incidentally that, for a
rigid case, the relative rigidity bG0/hE approaches zero The
stress state tends to hydrostatic compression (with zero
strain) as would be expected in an incompressible rigidly
enclosed configuration

The purpose of this example has been to illustrate the me-
chanics of the correspondence rule, but it becomes evident
that, if realistic material properties are used, the computa-
tions could become unwieldy For this reason, and following
the technique he applied to material characterization,
Schapery4 has proposed two approximate transform in-
versions that can be used for an arbitrary, and, hence, a
realistic, measured material characterization Although
others have dealt with the same problem,30 the advantages
of the Schapery inversions are their essential simplicity and
potential with respect to increased accuracy

The first of these he has called the direct method It is
useful in estimating the viscoelastic response to a step input
and is related to the well-known qualitative association be-
tween the Laplace transform parameter p and physical time
£, namely, that short time corresponds to large p and long
time to small p Specifically, his result, illustrated by the
previous problem, gives

- (6,0 = (312)

where the factor 2 is the quantitative factor introduced into
the previously noted qualitative association It arises
because of minimizing the error in the approximation for
functions that vary rather slowly as a function of p The
inversion formula does not depend specifically upon the
material characterization aside from the slow variation with
the parameter p and, hence, is independent of any particu-
lar model representation As actually used, one prepares a
table or graph of E(p), and v(p) if the experimental data are
available, as transformed from the Dirichlet series (2 55)
into (2 58) with p considered real Then, for the step func-
tion input, the response ar(b,p) is computed also as a function
of p, having inserted the appropriate values of E(p) and v(p)
for the point p in question The result is plotted vs p on
the abscissa and the scale relabelled (2Q"1 and finally re-
plotted vs t In the foregoing problem, for example,

Pi step L1

which is not restricted to a small-element, discrete model ap-
proximation of the material properties The viscoelastic
response to an arbitrary input P(t) rather than the simple
step is calculated using the Duhamel integral, namely,

(b,t) (b,r) \ (3 14)

that, however, are not unduly tedious Indeed, depending
upon the nature of P(t), a Dirichlet collocation to <r (b,t)
can often be multiplied into an analytical form of the pressure
derivative, and the general response obtained by quadrature

The second of the Schapery inversions can be applied di-
rectly to an arbitrary input, and, while requiring more work,
permits circumventing the Duhamel integration, if other than
the result to a simple step is required Indeed, this second
collocation method, identical to that used in fitting the
material property data, has been applied successfully by
Williams and Arenz31"33 in comparing analytical and experi-
mental photoviscoelastic responses for stress wave propaga-
tion in a viscoelastic bar Illustrating this method, again
with the pressure problem, one anticipates that the physical
response will be expressible in a Dirichlet series with un-
known coefficients

a (b,i) = 70 + 2 yk exp( —

which in the transformed representation

=, /r M\ _ TO , v 7k

l/Tk

(315)

(316)

is collocated to (3 7) wherein the transform of the desired
general pressure input P(p) is incorporated Once the yk
are determined in the p collocation, the desired answer is
immediately available from (3 15)

The collocation procedure is illustrated in the Appendix,
along with the results for a typical pressure problem, wherein
actual material properties are used and approximated by
both a discrete element model and the collocation representa-
tion

Other Loading

The same technique can be used to calculate the visco-
elastic response for other loading conditions A typical
loading for solid rocket motors would be that due to inertia,
either a l-g environmental storage loading for long times or a
high-*; acceleration loading for short times J Fiom the elastic
standpoint, the solution is identical except for the magni-
tude of the acceleration From the viscoelastic one, how-
ever, the rocket would respond according to the density
of the relaxation spectrum in either the long or short time
range For inertia loadings the designer is usually interested
in two quantities: 1) the magnitude of the slump deforma-
tions which tends to reduce or increase the port diameter
with a consequent effect upon the burning time and thrust
curve, and 2) the magnitude of the shear-out stress at the
grain-case interface as, for example, during a highly acceler-
ated boost phase This design problem is complicated by
several important factors that influence the stress analysis
One of these is the change in buckling stress due to the visco-
elastic core This particular problem has been reviewed by
Zak and Williams,34 who have included a bibliography of the
effect of elastic core stabilization, and some comments and
preliminary estimates on the effect of viscoelasticity The
general influence of such a core is, of course, stabilizing, but
more quantitative evaluations of the magnitude would

- v(p}}
{(X2 - v(p)]hE (313)

possibly permit the designer to take advantage of this
strengthening influence

Important geometric quantities affecting the stresses and
slump deformations are the diameter ratio b/a and fineness
ratio L/D of the rocket and whether the ends of the
tubular grain are supported or free The first computation

which requires repeated, usually numerical, integrations
J An alternate direction solution is sometimes possible, as in

the case of an ablating, longitudinally accelerating rocket83
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one would make is that for plane strain,10 but efficiency in
design dictates that one assess the changes in the infinitely
long (plane strain) stress, strain, or deformation results due
to b/a or L/D It develops that a three-dimensional elastic
stress analysis is required So far, the analytical solution
has not been obtained in a useful form, although formally it
can be developed following the basic solution given by
Pickett 35 The solution is further complicated by the exist-
ence of (elastic) stress singularities at the ends of the grain
which have been identified with those of plane strain by
Zak 36 The net result is that numerical solutions requiring
extensive digital programming have been required This
important need was finally met by Parr and Gillis,7 who have
presented a fairly complete set of parametric design charts
as a function of 6/a, L/D, and v for stresses, strains, and dis-
placements in a tubular grain for axial inertia loadings as
well as for pressure and steady-state thermal conditions §

Recently, Messner8 has also been working upon this prob-
lem with a more general program to extend the Parr and Gillis
results for the flat-ended grain to those with ogival heads
His results have also been of value for the failure analysis of
a "poker-chip" specimen, of which more will be said later, in
the limit case of L/D -»• 0

In many situations where an elastic case is employed, it is
sufficient to assume that the effective case rigidity is infinite,
i e , bE/hE -+ 0 One situation where this is not true is the
lateral inertia condition for a tubular grain, such as its en-
vironmental condition of lying on its side As in the axial
position, the solution for a rigid case is straightforward,37 3S

but for an elastic case in the horizontal position the most
comprehensive reference is that of Gillis 39 The bending
rigidity of the case in this position is so weak that the visco-
elastic core may reach unduly large strains and deformations

Another environmental loading of particular interest is
that of vibration, with some fundamental work for cylinders
being contributed by Baltrukonis ^ The natural fre-
quency of a system is proportional to the elastic modulus,
and it is evident that if the modulus is time dependent then
the natural frequencv would change with time also Tormey
and Britton9 have recently shown the results of vibrating
some viscoelastic specimens at their natural frequency
and, among other things, have been able to trace the actual
resulting flow as due to the heat dissipated during the vibra-
tion If, for purposes of illustration, one neglects inertia
effects in, say, a longitudinal vibrating bar, one can show
that the strain lags the stress by an amount proportional
to the imaginary part of the complex modulus Indeed,
the viscous dissipation energy loss per cycle is

Wd' = (3 17)

which is zero at the limiting low and high frequencies but
has an intermediate maximum If all of this energy were con-
verted into heat, and no allowances were made for radiation
or conduction away from the specimen, the temperature rise
per cycle would be AT' = Wd /(PC), which for representative
viscoelastic materials would be of the order

AT F « 0 006 Wd'(w -Ib/in 3) (318)

leading to relatively high temperatures in relatively few
cycles The more detailed analysis is relatively straight-
forward but is again tedious for a particular material41

The final loading to be discussed is that due to temperature
It is convenient to divide the thermal problems into three

§ By considering plane strain conditions, but for a star rather
than tubular cross section, they have shown that the governing
equations for an axially accelerated rigid case configuration re-
duce to A2w(rj8) = pg/G, with w(b) = 0 and dw/dn = 0 on the
inner boundary Solution of this equation permits an evaluation
of stress concentration effects during longitudinal inertia See
Rohm and Haas Quarterly Progress Report on Engineering
Research, no P-62 27 (January 1963)

areas: 1) determination of the temperature distribution, 2)
steady-state analysis, and 3) transient analysis For the
common situations, a stress calculation is predicated upon
the knowledge of temperature as a function of space and time
For reasonable geometries, it is even possible to solve the
heat-conduction equation exactly, as in slabs or cylinders
Unfortunately, the solutions for the temperature, although
exact, are frequently in infinite series form, which analytically
complicates the problem Consider, for example, a,T[T(x,t)},
which is basically an exponential variation in the ratio of
two terms containing the temperature (2 69), each of which
is nominally an infinite series Such complicated depend-
ence, particularly when a2 itself is to be manipulated upon,
is not conducive to easy analytical interpretation As one
alternative, Seward42 has exploited the use of Biot's vari
ational technique43 44 to obtain tractable simple transient
temperature expressions for rocket grains For the degree
of engineering accuracy desired in most problems, this ap-
proach, or perhaps a Galerkin approximation,44 is recom-
mended

Steady-state temperature analysis, in many cases, can be
replaced by equivalent boundary loadings, and this fact has
been used particularly for tubular solid rocket grains and even
those containing star perforations45 46 Because the co-
efficients of expansion in the grain and case are in the ratio
of 10:1, a steady-state change in temperature imposes a
calculable interface pressure at r = b on the thick walled
cylinder Such problems, therefore, are basically isothermal
problems in both space and time The next most complicated
problems are those for which the temperature is timewise
constant but allowed to vary with the space dimension
This situation may occur such that the outside of the geom-
etry is at one temperature and the inside at another This
problem is equivalent to a common problem in stress analysis
wherein the material is assumed to be temperature but not
rate dependent In boilers, for example, there will be a tem-
perature variation through the wall thickness requiring, if
accurate answers are desired, the incorporation of E =
E[T(x)} = E(x) into the solution This type of problem
was discussed several years ago by Hilton 47 As the material
properties are not time dependent, there is no interaction with
the viscoelastic time-dependent deformations, and the
Laplace transformation technique is still valid

As to transient analysis, there are two types The first
of these is for problems in which the temperature changes
with time only and not with the spacial variable Here an
analysis can be conducted for certain cases by performing
the Laplace transformation with respect to reduced time
(2 70) The second, which is more difficult but simultaneously
more interesting because completely satisfactory techniques
have not been obtained, is the general one wherein the tem-
perature varies with both space and time Before reviewing
the salient features of transient thermoviscoelastic analysis,
it is perhaps worth restating the qualitative description of
the time regimes of interest2 Obviously, if the heat con-
duction is infinitely slow, all of the viscous dashpots will have
time to relax independent of heat conduction, and we have
the case where effectively T = T(x) only On the other
hand, if the heat conduction is infinitely fast and the tem-
perature change immediately stabilizes to steady state, the
same T = T(x) only situation holds as far as viscoelastic
analysis is concerned The difficult problem then occurs
when the two diffusion processes of temperature variation
and viscoelastic deformation are changing at essentially the
same rate The dimensionless parameter is revealed quali-
tatively by considering dominant or representative terms in
the temperature expansion

72) (319)T

and in the viscoelastic relaxation

(320)
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so that dimensionally the important ratio is2

t /is = KaTT/l2 (321)

such that, for the diffusivit} K, zero or infinite, the dimension-
less parameter does not enter, but where K ~ l2/aTr, one must
anticipate a transient analysis Note also that this param-
eter does not change linear h with the characteristic length
In general, and particularly for combined loadings, it will be
impossible to make direct scaling experiments relating small
specimens to large ones insofar as their transient thermo-
viscoelastic behavior is concerned

Morland and Lee5 have formulated the transient thermal
problem for a linear viscoelastic medium For completeness,
it is worth exhibiting their equations and showing how they
differ from the isothermal ones Recalling, therefore, that
the (point) stress-strain relation actually depends upon the
reduced time (2 70), which in the general thermal situation
T(x,f), is denned through (271), using the Morland-Lee
notation

A[T(x,u)]du (322)

one can, upon selecting the linear differential form^ (2 5) and
(2 6), write the stress-strain law for variable temperature as

+

(3 23)

(324)

The equations of equilibrium without body force at a
fixed physical time are

da*
= 0 (3 25)

It is readily apparent, without even considering the com-
patibility equations, that the dependent variables are not
expressed in terms of the same independent variables In
order to do so, one must either convert (3 23) and (3 24)
to an (xkjt) dependence, or else convert (3 25) to an (z*,£)
dependence

In the first alternative one may use (3 22) to write

d>
d? (326)

which leads to variable f(x,t) coefficients in the linear differ-
ential operator forms (3 23) and (3 24), for which normal
transform techniques are not defined As the other alterna-
tive, one can convert (3 25) to a reduced time functional
dependence by considering <nj(xk,t) = <r»y(#*,£) and writing
(3 25) so as to obtain

(327)

in which case the equation no longer has the usual form of the
elasticity equilibrium equations

Sets of (3 23, 3 24, and 3 27), or alternatively (3 23) and
(3 24), with derivative substitutions of (3 26) and (3 25),
are then internally consistent, but none are convenient, and
they lead to considerable difficulty in engineering applications
Only a few restricted problems have been solved Morland
and Lee were able to obtain some mathematical solutions
assuming somewhat unrealistic combined mechanical and

If It should be noted that it is possible to express the stress-
strain relations equally well in terms of integral relations, e g,

thermal incompressibility, but Muki and Sternberg48 ex-
tended the work by solving the specialized slab and sphere
geometries In the slab problem, general thermorheologically
simple sheai and bulk behavior was assumed, but for the
spherical case, the additional restriction of elastic bulk re-
sponse was introduced It may be noted, incidentally, that
Schapery4 compared his shorter approximate inversions to
both the asymptotic solution and the Lee and Rogers30 finite
difference solution of the Muki-Sternberg integrals with ex-
cellent results

Hilton and Russell49 have proposed an extension to Alfrey's
theorem for transient analysis essentially using incremental
steps in time They consider a viscoelastic problem having
a constant temperature over a small time increment £»• —
ti~i, compute the state at the end of the interval £t-, and use
it as the initial state for the next time interval ti+i — U
over which the temperature has a new constant value In
application, however, this latter procedure becomes some-
what involved, as found by Valanis and Lianis,50 who have
used essentially the same approach, as well as introducing
another interesting feature by iterating the solution in terms
of the compressibility, beginning with zero bulk compliance
(#=°°)

In conclusion it may be said that, with the exception of the
transient thermal problem for which additional "reduction
to practice'7 work is recommended, convenient methods are
available for an engineering analysis of linearly viscoelastic
media, provided that the material properties are prescribed
In this connection, it is interesting to note that this char-
acterization, in a gross sense, hinges upon only five un-
knowns if a modified power law approximation to the relaxa-
tion modulus can be invoked These are the glassy and rub-
bery moduli Eg and E, the slope through the transition
region ny the characteristic relaxation time TO, and the glass
temperature of the material Tg = TR — 50°C Indeed, foi
preliminary design purposes, it proves convenient to collect
and tabulate various viscoelastic materials characterized in
this simple way With these five parameters the relaxation
carve can be drawn, fit with a Dirichlet series using the
Schapery collocation, interconverted to alternate representa-
tions, and analytically transformed easily to the transform
plane for the stress analysis Finally, the transformed stress
quantities also can be back-collocated with the transformed
Dirichlet series to obtain the time dependent stresses, strains,
or displacements

4 Failure Criteria

The last of the three categories to be discussed relates to
failure criteria for viscoelastic media Whereas the previous
section was mainly concerned with investigating methods
of estimating the stresses or strains due to prescribed applied
loads, we now turn to a consideration of predicting the maxi-
mum imposed loading at which either excessive deformation
or a fracture threshold is reached

By way of illustration in solid rockets, these two character-
istic types of failure are exemplified by slump due to inertia and
grain cracking due to pressurization Generally, the first
of these is tied in rather closely with ballistic performance
and storage procedures, that is to say, a maximum permissible
deformation without fracture is more or less arbitrarily pre-
scribed If this is the case, it becomes a relatively simple
matter to complete the analysis by applying the viscoelastic
analysis technique previously developed to calculate the
loading or time corresponding to that state when this ciitical
deformation is reached As the procedure is straightfor-
ward, although not necessarily simple in a given problem
because the strain analysis itself can be complicated, no
additional remarks upon the deformation criterion will be
made

On the other hand, the prediction of a fracture threshold is
considerably more difficult, because, in general, it will depend
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upon the state of multiaxial stress, and sufficient experi-
mental data have not yet been accumulated to give a final
criterion Also, because of the time or rate dependence in
viscoelastic bodies, one could justifiably presume that frac-
ture would depend upon the strain rate history Further
analysis, therefore, is rather handicapped by the present state
of the art in which the bulk of the testing has been carried out
at constant strain rate to failure in uniaxial specimens Some
of the recent results in enlarging this area of endeavor since
the last survey3 and the review by Wiegand51 of mechanical
properties evaluation will be summarized based in large part
on the report of Lindsey et al52 dealing with triaxial failure

By way of introduction, however, it is appropriate to in-
clude some typical uniaxial failure data as points of reference
(Fig 8) These data are customarily determined by measur-
ing the applied force during constant crosshead travel at
rates in the range 10~2-102 in /min at temperatures between
— 60° and 160°F Precision is hampered by the lack of
an adequate, convenient, and automated local strain-measur-
ing device for the potentially large strains involved As a
matter of expediency this has led to deducing stress based
usually on an initial cross-sectional area, although some
investigators use deformed area assuming incompressibility
and the use of an effective gage length to calculate strains
This latter difficulty arises mainly from the filletted-end of
the JANAF test specimen which, because of viscoelasticity,
permits the material to flow out of the gripping device Al-
though benchmarks and optical means have been used to
smop extent to obtain increased accuracy, the fact that data
must be recorded for various strain rates leaves this particu-
lai matter as still a definite problem area ** Nevertheless,
Fig 8 shows typical data obtained at different tem-
peratures, as shifted with the aT factor (Fig 7) It is thus
the analog to ANC allowable data for metals, but including
also the parameters of time and temperature

Referring to Figs 7 and 8, note that the stress data (based
on original area) have been normalized by a temperature ratio
because polymer theory predicts a linear increase of retractive
forces with absolute temperature Both sets of data were
normalized using the temperature shift factor, experimentally
deduced from separately shifting the stress-strain values as
measured in a constant strain-rate test The WLF curve
fits leasonably well for a reference temperature TR = 243 °K

Before passing on to a consideration of fracture under
multiaxial load conditions, it should be observed that the
temperature shift correlation is reasonably well founded
experimentally, but that the limited strain-rate capability
of the Instron tester is not particularly well suited for veri-
fying the correlation over wide extremes This may be
noted in Fig 8, where the test data at various temperatures
barely overlap One would feel much more confident if,
for example, the open circle (100°C) data, obtained over the
l/Ra,T range 1 to 4, could be extended to lower values by in-
creasing the strain rate, and hence lower l/RaT at the same
100°C temperature Bearing in mind, however, the limitation
of the tester, approximately 20 in /min cross head motion
maximum, it is impossible to fulfill this desire without chang-
ing the specimen, which would not be particularly acceptable

The obvious answer is to inquire if higher rate testers would
be available Several have been developed One of these
is the Allegheny Instrument Company device,56 which is

** It may be noted that Baldwin and Cooper53 and Jones54

have had some success in using a square, flat-end, bonded speci
men that reduces the flow near the grips and, hence, removes
part of the gage length indeterminacy Greensmith55 has re-
ported and reviewed another type of tensile test wherein ring or
thin hoop specimens are stretched over the two Instron testing
machine supports Except for a very small length curved di-
rectly around the end supports, the entire double length of the
link specimen is in tension Gage length uncertainty is mini-
mized, and the specimen is easy to test, although somewhat
harder to prepare, particularly for filled materials

? <

687
75

-79

Fig 8 Ultimate stress and strain in a constant strain-rate
test; unfilled HC rubber 16

generally well known Another is one developed by E I
DuPont de Nemours and described in a recent paper by
Jones 57 Basically, this latter machine, which achieves high
loading rates by means of a controlled explosion of smokeless
powder in the head, can strain JANAF specimens up to
approximately 200,000 in /min Although it is premature
to generalize, indications from this and other high-speed
tester work are that the theoretical WLF shift factor for
ultimate fracture of tensile JANAF specimens is sufficiently
valid for engineering purposes

Failure Surface

In general, materials may be subjected to six stress com
ponents, three normal and three shearing, which can be re-
solved into three principal stresses On the other hand it is
usually simplest to test under one-dimensional condition
such as tension It is legitimate to ask the following ques-
tion: Having measured the strength in one combination of
the three stresses (0*1 = o-2 = 0; 0*3 = 0"uit), can one then
predict without further tests the failure under some other
arbitrary combination of the three stresses? Obviously,
following a postulated failure criterion, crucial experiments
are required to prove or disprove the criterion Previous ex-
perience with metals has indicated that there is no universal
criterion for all materials; although considerable progress
has been made Over the years, several proposed theories
of failure have been advanced Nadai58 enumerates, for
example, several different failure criteria, primarily as used
in the study of metals Each criterion defines some particu-
lar function of the stress field or strain field, the value of
which is to be determined empirically, because moleculai
theories of strength are not advanced to the point of calcula-
ting such limits theoretically When the appropriate func-
tion is exceeded, the associated yield, rupture, or fracture
takes place Seven such criteria are as follows: 1) the
maximum principal stress; 2) the maximum principal strain;
3) the maximum principal stress difference (or shear stress);
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Table 1 Various possibilities in the different octants

Octant 1

I +
II +

III +
IV +
V

VI
VII

VIII

Number of
2 3 positive stresses

+ + 3
I _ 2
- + 2
- - 1
+ + 2
+ - 1
- + 1
_ _ Q

4) the maximum principal strain difference (or shear strain) ;
5) the maximum total strain energy; 6) the maximum dis-
tortional strain energy; and 7) the maximum conserved dis-
toitional strain energy

The important point to note is that no universal fracture
criterion has been established, and that the success of a
given fracture hypothesis depends in large measure upon the
material with which it is associated

Because of the many criteria for fracture, it is convenient to
have a method that permits the analyst to visualize their
region of possible application Inasmuch as the three prin-
cipal stresses are orthogonal and participate in all stress
theories of failure, one way of presenting the criteria is in
terms of principal stress space where the magnitudes of 01,
02, and 0*3 are measured along the orthogonal axes to form
octants A similar approach could be adopted for strains
The rupture of an uniaxial tensile specimen at the stress 0-3*
would, therefore, correspond to a point on the 0-3 axis at the
particular value cr3* Other combined loadings would, in a
similar manner, correspond to othei points on a rupture sur-
face F((Ti, 0-2,0-3) = const, where the object of failure testing
would be to perform experiments under all different combina-
tions of combined stresses in order to trace out the failure
surface in all octants Presumably there would be many
surfaces, each corresponding to a given strain rate for which
the surface was obtained Then, having obtained such sur-
faces experimentally, the analyst would proceed to check out
various criteria in the different octants, and the one lying
closest to the test surface would be the desired failure
criterion

It is convenient to tabulate in Table 1 the various possi-
bilities in the different octants by simple permutation By
virtue of equivalence of the three principal axes, it is noted
that there are four categories of octants characterized by
the numbei of stresses of the same sign Thus octants II,
III, and V are similar, and octants IV, VI, and VII are
similar This means that, for an isotropic material, only
four octants need to be tested If, in addition, it is known
that the compressive properties are the same as the tensile

properties, then only two octants need to be tested On the
other hand, if the material is anisotropic or if anisotropy is
induced by virtue of straining, then it will be necessary to
check six octants for an orthotropic material and eight for
a completely aeolotropic material

If, therefore, we were to assume isotropy, a reasonable
degree of complication over the simple uniaxial specimen
would be to design experiments with stress or stiain combina-
tions of + ++, + + —, + — —, and — — — o r even, for
engineeiing expedience, to assume similar behavior in tension
and compiession,ft thus restricting immediate considera-
tion to + + + and + + — The first of these latter two
combinations implies triaxial tension, and the second mixed
tension-compression, as in a pressure vessel with hoop and
axial tension and radial compression Each of these two
octants possesses, of course, certain limit cases, including the
plane ++0 separating them, which corresponds to the biaxial
tension in a stretched drumhead We shall, therefore, re-
strict our main attention to stress or strain combinations
lying within the quarter space or its limit planes, and the
tests designed to determine failure within it

Pressurised tensile test

The uniaxial failure stress data (+00) for a given strain
rate can be plotted on all three coordinate axes, and will be
dismissed without further comment In filling out other
octants, again recalling the working hypothesis that tension
and compression effects may be interchanged, one of the
simplest extensions of the present uniaxial tensile test using
the Instron tester is to enclose the specimen in a leak-proof
container filled with air or liquid maintained at an arbitrary
compressive pressure With the same criticisms of the
basic test with no external pressure, a triaxial tension-
compression stress field can be imposed Suppose that the
geometry is as shown in Fig 9 Then the stress and strain
analysis for the central portion of the specimen subjected
to the uniaxial tensile stress gives

0 - 3 = 0 €3 = <rz/E[l - 2vk] (4 1)

<TI = o-2 = kv ei = €2 = <TS/E[ — v + (1 — v)k] (42)

One would expect, therefore, an apparent uniaxial modulus
for this triaxial field of

Ea = (43)

where, because in the tests as described k is negative corre-
sponding to a compressive stress, the apparent modulus
would be smaller than the uniaxial modulus

Some unpublished data of Kruse59 suggest that, for a filled
material, the failure under these conditions agrees equally
well with failure data in uniaxial tension expressed either as
octahedral shearing stress or uniaxial ultimate tensile strain

Fig 9 Geometry for a
pressurized tensile speci-

Diametral compression of a disk

Fitzgerald60 has suggested that the disk-type specimen also
may be used in an alternate manner to examine a mixed
tension-compression biaxial stress field If a circular disk
of uniform thickness h is loaded in diametral compression by
a load P, the sti esses at the center are of opposite sign and
equal to61 (see Fig 10)

0^(0,0) = P/Trbh (44)
cry(0,0) = -(3PM/0 (45)

Furthermore, the diametral extension 2^(6,0) along the

f t As a practical matter it may be noted that the main objec-
tion to this premise, especially for filled materials, is the "pull-
away" effect between filler particles and the binder which occurs
preferentially in tension It is this fact that prevents a single
failure criterion from applying to all octants
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horizontal (y = 0) plane is

2u(b,0) = [P/Eh][(4:/ir) - (46)

Provided that there is no local failure at the point of load appli-
cation, this specimen has the advantage that the critical stresses
occur at the center and may be easily observed Further-
more, measurements of the horizontal extension permit an
indirect check on the accuracy of the foregoing formulas
Presumably, as long as the extension stays linear with the
applied load, even though the deformations near the point
of application may be large, one would feel justified in using
these stress formulas based upon infinitesimal deformation
theory From the standpoint of fracture, Fitzgerald60 has
found that the character of failure at the center changes
from tensile to shear depending upon the temperature of the
test This latter point, of course, emphasizes its potential
significance as a sensitive test for determining a fracture
criterion

Incidentally, it may be observed in passing that the range
of central stresses which can be imposed, i e ,oy/(rx = —3 from
the preceding equations, could be extended by the use of
elliptical instead of circular specimens, although at some
expense in experimental simplicity The results of a com-
bined theoretical and experimental investigation using the
elliptical specimens have been reported by Brisbane 62

Hollow tube tests

Provided that a satisfactory strain measurement is avail-
able, the behavior of an internally pressurized thin- or thick-
walled cylinder up to and including burst would yield fracture
information under biaxial tension, for zero axial stress, or
with the added triaxiality, depending upon the nature of a
finite longitudinal stress This type of specimen was first
used with mixed success at the U S Naval Ordnance Test
Station63 employing an oil for the pressurization The
major difficulties, aside from such obvious ones as preventing
leakage, are to obtain an accurate strain history and to meas-
ure the applied time-varying pressure These tests can be
used upon either thin- or thick-walled cylinders, and with
or without being enclosed in a case In some cases it will
be more convenient to check out a thin case-bonded design
using externally mounted wire strain gages and inferring the
tube strains by working backward using the theoretical solu-
tion For most purposes, however, the resultant case-to-
grain stiffness is so high that accuracy is poor

It also should be mentioned that it may be practicable
to combine torsion with the pressurization of thin-walled
hollow cylinders for which situation the theoretical solution
is known Another test variation using the hollow tube is
to examine the orthotropic behavior of multilayered cylinders

Biaxial failure in sheet specimens

Failure experiments under biaxial tension, which con-
tribute data for the limiting planes of octant I of the failure
surface, can be most easily performed using a pressurized
membrane On the other hand, even a thin membrane has
finite thickness, and, hence, in trying to resist bending, par-
ticularly near the supporting edge, the specimen often tends
to fracture under combined bending and stretching
stresses 64 65 Also, the contribution to the stress field due
to the clamping pressure at the support, necessary to prevent
the specimen from pulling out of the test fixture when the
pressure is applied, tends to make the correlation of analysis
and experiment difficult On the other hand, if the failure
takes place near the center of the, say, circular membrane
specimen (incidentally, usually implying rounding off the
support edges in order to induce failure away from the edge),
useful data should result if the applied strain rate can be
controlled

Fig 10 The diametral
compression test 60

Homogeneous biaxial test

Another type of biaxial test is one wherein equal biaxial
tension has been imposed, without normal pressure, by merely
applying uniform displacement around the edges of a square
sheet specimen whose sides are glued to wire hooks approxi-
mately ^ in apart66 The other ends of these hooks are
attached to small ball bearings that are supported and are
allowed to slide on two V-shaped guides that can be seen in
Fig 11 As the load is applied to the guides this arrangement
produces the homogeneous biaxial extensions described pre-
viously There is, of course always some nonhomogeneous
deformation of the specimen near the edges; however, by
painting square grids on the surface and observing their
deformation, it was found that these edge effects propagated
only a small distance into the specimen The biggest prob-
lem with these tests is the premature fracture in the vicinity
of the hooks This problem was eventually solved by chang-
ing the design and spacing of the hooks

Strip tension test

A second biaxial, but not equal, tensile field specimen
tested at Graduate Aeronautical Laboratory of the California
Institute of Technology66 67 consisted of a rectangular sheet
specimen bonded on its longer edges to steel plates, which
are then connected to the testing machine grips (Fig 12) A
tensile stress a is applied perpendicular to the longer edges
of the specimen The stress normal to the sheet cry is zero
Under these conditions, a major portion of the specimen be
tween the plates is subject to plane strain conditions along
most of its longer length, i e , ex = 0, ey = ve , e = <r (1 —
v*)/E Near the ends, of course, the conditions are not
plane strain; however, the end effects can be reduced by in-
creasing the length of the specimen

The latter two tests have proved reasonably efficient for
assessing both the mechanical characterization and the
failure characteristics of several materials such as66"68 the
following: SBR-1500 rubber (1 75% S); 2) SBR-1500 rub-
ber (3% S); 3) Polyurethane foam rubber (47% voids by
volume, 40 ju diam); 4) natural rubber (2% sulfur); 5)
natural rubber (4% sulfur); 6) CIS-4; 7) Paracril-B;
8) Neoprene-GNA; and 9) Butyl-217

The large strain characterization of the material has been
approached by first determining an appropriate strain energy
function 69 Evaluation of the failure data and the subse-
quent determination of a failure criterion from the experi-
mental data is described in Ref 70 For these foam mate-
rials, it was tentatively established that the failure criterion
was the mean hydrostatic stress Thus, the first octant
failure surface for the foam would be a plane cutting the three
principal stress axes at the uniaxial failure stress, or, more
generally

Oc iti al = 0"uni xial = (sf) [01 CT2 «•»] (47)

It would be premature, of course, to assume that the same
criterion would hold in general, but, in principle, this ex-
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Fig 11 Homogeneous biaxial tension Fig 12 Strip biaxial tension

ample serves to illustrate the direction which further correla-
tion will take for the solid viscoelastic rubber specimens

Triaxial tension failure

It previously has been indicated that one of the important
combined stress fields is that of triaxial tension Fracture
under this loading condition, octant I, would contribute
heavily toward determining the over-all fracture surface
In particular, if the material could be considered as isotropic
and homogeneous, thus probably excluding filled materials,
a definition of the failure surface in this octant would give
one-fourth of the information necessary for defining the
complete surface because, as shown earlier, only four of the
eight octants would be independent

The production of a triaxial tension field is not easy unless
only small stresses are desired, in which case vacuum pressure
can be used Usually, however, fracture stresses exceed
15 psi, and one must resort to more complicated means of
producing the desired triaxial condition A commonly
proposed method is that of a thin disk cemented between
two relatively rigid platens that are pulled in tension The
dimensions of the specimen give rise to its designation as a
"poker-chip" test Fortunately, since the material to be
tested is rather soft compared to the easily available and
much harder platen materials, JJ the softer disk sandwiched
between the harder bars will be restrained because of its
thinness from its usual contraction perpendicular to the
load and, hence, will generate a triaxial tension stress field

The elementary analysis for this case may be made by
assumirng the disk infinitely thin such that the external radius
is sufficiently far from the center to assume that the only non-
zero displacement w is in the xs axial direction Under these

Jf Note that it would not be practical to test steel for its tri-
axial tensile behavior in this manner

conditions, one is led to deduce for small deformations

<r(l - 2*/)(l + v)
0*3 = o-

£,U

0"! = 0*2 == [Zv(l — *v]o" €l z= ^2 == 0

so that the apparent axial modulus becomes

, (48)
- ")

(49)

(410)

where it may be noted that for rubbery materials that are
characteristically nearly incompressible, ie , v = i, the tri-
axial tension approaches hydrostatic with a consequent in-
finite apparent axial stiffness

When a finite radial size of a poker-chip specimen is con-
sidered, analytical difficulties arise, as discussed more fully
in the basic reference 52 In this reference, however, a fairly
accurate approximate solution is given which compares very
well with a numerical one programmed by Messner,8 except
for the edges where the previously mentioned stress singu-
larities occur Considering the thinness of the specimen,
all stresses are averaged through the thickness and, upon
assuming displacement functions that satisfy the displace-
ment boundary conditions at z = ± 1 in a specimen of radius

-u(rz) = (1 -
w(r,z) = eQ

(411)
(412)

where the applied strain is e0, and u and w are the radial and
axial displacements, respectively, the averaged equations of
equilibrium are found to be satisfied if

g"(r) + (l/r)g'(r) - [(l/r») + M]g(r) = 0 (4 13)

Elementary analysis leads to a computation for the triaxial



MAY 1964 STRUCTURAL ANALYSIS OF VISCOELASTIC MATERIALS 803

stress field in the specimen For example, the apparent
modulus of the specimen EA == az (average)/e0 was found to
Kobe

E
E* = 3v KT __
E ~ 1 + v #L

2/1(aM1/2)
X

1+-

/iCaJlf1/2)

1 +
l-2v (-. /(alf1/2)

(414)

where

M = 3(1 - 2v)/[2(l - ?)] = 3/*/(X + 2/x) (4 15)

This apparent modulus can be conveniently employed for
determination of the bulk modulus of a nearly incompressible
material Given the aspect ratio a and the experimentally
measured modulus EA, the modulus ratio E/K can be de-
duced from a graph of (4 14) This plot is shown in Fig 13,
where it is observed that EA/Ea2 depends only upon the
parameter [a(E/K)llz] for a > 30 Also shown on the
figure are the early approximate results of Gent and Lindley 71

The triaxial stress distribution at the center of the speci-
men is also of interest It was found that

K

1-

1 + v E ~
1 - (M/S)

/o
(416)

E€Q

(0) = aM , 1
E€Q I + V

X

1 + v/2
- [(1 -

(417)

which yields the triaxial hydrostatic tension field for an in-
compressible body as in (4 8) and (4 9) It may be men-
tioned, incidentally, that, for the small strains involved, in-
finitesimal strain theory is appropriate in contrast to many
situations in viscoelasticity where the large deformations
require a reassessment of the pertinence of small-strain
theory Finally, Fig 14 shows a comparison between this
approximate solution and that of Messner 8

Inasmuch as a failure threshold must be compared with
experiments, clear birefringent specimens of Solithane 113
were pulled between Lucite grips (Fig 15) through which the
time and location of fracture could be observed, with or
without crossed polaroids as desired The object, of course,
was to detect the applied load at which the spherical voids
first (audibly) popped into sight at the center of the speci-
men where the local stress could be estimated fiom (4 16)

Gent & Lindley

1 2 3 4 5

End Effect Parameter a"\lT7

Fig 13 Apparent modulus of disk vs a(E/K) 1/2

Note: E/K = 3(1 -2v)

and (417) Instead of resolving the criterion question,
a new one was raised: How is the initial flaw or void size,
undetectable by microscope or not, related to the local hydro-
static stress field? This question was investigated by formu-
lating a Griffith instability-type criterion, as in crack initia-
tion work, except that provision was made to include large
finite strain effects Without amplification of the analysis
contained in the reference,52 the results turn out to depend
upon a material parameter k = 6T/EaQ, where T is the usual
surface energy, E the elastic modulus, and a0 the initial flaw
size The local stress and extension ratio X0 at the cavity,
as well as the critical hydrostatic tension field pc at fracture,
is given in Fig 16

The unfinished step, now in process at Graduate Aeronauti-
cal Laboratory of the California Institute of Technology, is to
obtain sufficient data to guarantee the accuracy of the triaxial
fracture point as a function of strain rate It may be men-
tioned also that, in practice, this type of hydrostatic tension
field fracture can occur at the interface between the case and
solid rocket grain material during cooling A consideration
of merely the uniaxial bond strength <rr(b) compared to the
uniaxial tensile strength may prove unduly conservative in
engineering design

Molecular considerations

Aside from the macroscopic consideration of fracture in
terms of over-all stresses and a failure envelope, it must be
recognized that fracture first occurs on a microscopic basis,
probably along the lines just indicated for cavity formation
and growth One of the most convenient methods to study
local failure is with specimens containing cracks As an
alternative to the observation of small cavities, one can also
investigate thin sheet specimens containing central or edge
slits, with the added advantage in binder materials of photo-
elastic obseruations 6 Although this procedure is relatively
standard for metals, there has been little emphasis upon
extending the same techniques to viscoelastic media The
first work was reported by Rivlin and Thomas,72 who investi-
gated an extension of the Griffith73 energy instability prin-
ciple, which led to the determination of a rate- and tempera-
ture-dependent energy-dissipation parameter This work
and other recent viscoelastic fracture research have been
placed in a thermodynamic or energy framework and been
reviewed by Williams,74 who has also included estimates
of initial and limiting crack velocity as well as the initiation
threshold At the present time it seems fairly well estab
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a) Closeup of test specimens and microformers

b) Test assembly c) Schematic of test assembly

Fig 15 Illustration of poker-chip test 52

lished that viscoelastic fracture, in contrast to brittle fracture,
is limited by viscous dissipation concentrated at the crack
tip where the accompanying heat generation simultaneously is
degrading the ultimate strength capability of the material

Cumulative Damage

It already has been emphasized that one failure surface is
not sufficient, even if defined for all of the octants of principal
stress or strain space Because failure is a time- or rate-
dependent phenomenon, there would be, in general, one sur-
face for each condition of constant strain rate to failure
On the other hand, it is highly unlikely that in a practical
situation the strain rate would always remain constant,
certainly not if the load were changing with time as is the
usual case Hence, one must be able to answer the question
posed earlier: Given the constant strain-rate failure data,
how can failure under an arbitrary loading and rate history
be determined? For the purposes of illustration, it suffices
to consider merely a two-step situation If the time to
failure is 1 min at 0 1 in /in /min rate, and 0 1 min at 1 in /
in /min what is the time to failure if, after 0 5 min at 0 1
in /in /min, the rate is instantaneously changed to a rate
of 1 in /in /min? At this point, it is pertinent to recall the
hypothesis used by Miner75 for the fatigue of metals, namely,
a cumulative damage law connecting stress level and cycles
to failure over M load changes

= 1 (418)

where the total life L = 2Ni Nt is the number of cycles at
the stress cr;, and NR* is the number of cycles to rupture at
the stress cr; In its usual application, the linear form
(n = 1) is customarily employed Following this same type

of approach, Williams2 suggested that a similar relation
might be postulated for polymers whose rate dependence
could be associated with cycles §§ Assuming constant tem-
perature for simplicity, or using reduced time, assume

f M-h UJ
MT= (419)

where U and tRi are the time the specimen is held at the strain
rate Ri and the time to failure at Ri, respectively T is then
the total time to rupture over the spectrum of constant strain
rates Ri (i = 1, 2, 3 M) Assuming a linear relation
(n = 1), an answer to the previous question is easily found as

05
1 2 = 01

A
01

__ i (420)

from which tz = 0 05 min, and, hence, T = 05 + 0 05 =
0 55 min In the integral (linear) form, (4 19) can be re-
placed by (n — 1)

T dt(R)
ts(R) = 1 (421)

which is convenient if the ultimate strain-rate data, Fig 8
replotted as tR(RaT), are fit by an analytical form or if nu
merical quadrature is performed

The application of (4 19) suffers from many of the same
criticisms as (4 18), which, among other things, is that it
does not readily distinguish between order of load applica-
tion In metal applications, Valluri76 has found an im-
proved fatigue theory dealing with combined microconcepts

§§ An even simpler criterion is the use of average strain rate
to failure employed in the ablating accelerating grain problem 83
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Fig 16 Critical conditions for instability of an initial
spherical cavity 52

and macroconcepts which permits cumulative damage to be
evaluated as a natural outgrowth of the development, and
predicts that high stresses followed by low lead to shorter
life than the reverse ordering In an analogous manner and
as an outgrowth of one phase of his work dealing with the
micromechanisms of polymer failure, Knauss6 has been led
to some preliminary estimates of damage which also show
a sensitivity to ordering Furthermore, some preliminary
experimental data tend to substantiate his postulates (Fig
17) Although it is premature to propose general engineer-
ing adoption of his line of attack at this time, it appears hope
ful that substantial progress can soon be made in evaluating
cumulative damage in viscoelastic media

At the present writing, it is impossible to recommend a
unique rate-dependent failure criterion As has been indi-
cated, it appears that various quantities are critical depending

300

100

- STRAIN RATE 10 IN / IN /MIN

\

STRAIN RATE 10 IN/IN/MIN

05 15
TIME, MIN X 10

Fig 17 Theoretically predicted effect of loading history
upon ultimate strain in a dual strain-rate test 6 Lines
denote various traces of strain Example: Arrow 1
indicates sequence of high strain rate to strain of 100%,
then low strain rate to rupture Arrow 2 indicates reversed

sequence Circles denote calculated lupture points

Log E(p)

Fig 18 Various tiansformed modulus representations

upon the material and the stress or strain state for a particular
loading The consensus, leavened with engineering judg-
ment, seems to be that uniaxial strain is a reasonable criterion
for most situations, such as near star points in grains, but
it is obviously incorrect for triaxial stressing of an incom-
pressible material For contact or interface stress condi-
tions, a maximum uniaxial or octahedral stress criterion is
believed preferable It is hoped that the results from current
research programs now underway at various organizations
will soon clarifv the present clouded picture

5 Conclusions

Even in this rather lengthy review, it has been impossible
to even touch upon many other important contributions to
the rapidly expanding subject of viscoelasticity To the
extent, however, that the emphasis in this paper has been
more toward an integrated discussion of properties, analysis,
and failure for direct incorporation in engineering analysis, it
is necessary to refer to standard texts such as Stuart77 or
Ferry78 for more chemically oriented background, and re-
views such as Lee's79 for analytical reinforcement From
the engineering standpoint, comprehensive company re-
ports such as those prepared under the direction of Wiegand80

and Fitzgerald42 n are invaluable, and also indicate the
gray areas where research and engineering merge

With the forementioned emphasis, it is perhaps worth
restating that an engineering structural analysis of visco-
elastic materials is both feasible and practical, with the
possible exception of transient thermal problems and more
definitive multiaxial failure criteria On the other hand,
improved techniques for local strain measurements, dynamic
testing, and shear-strength evaluation would permit sig-
nificant and immediate progress

On a philosophical matter, it is the author's conviction that
too many engineering stress analysts have shied away from
viscoelasticity because the subject and the materials appear
different Characteristically, engineers have been trained
with metals and ordered metal atomic structure in mind
Consequently, when tangled, disordered polymer chains are
presented to them, particularly with a lack of adequate
chemical, as opposed to metallurgical, background in the
behavior of nonmetals, there is a temptation to consider the
subject as disordered as the molecular structure

There is certainly an obligation on the part of the schools81

to begin including certain aspects of nonmetals in the general
engineering curriculum, especially because of the many
current potential combinations in this day of new, exotic,
and mixed-media materials On the other side, however, it
is equally true that industry cannot afford to wait for the
newly trained talent and must rely upon their current staff
But the graduate engineers should not insist upon conducting
analyses and solving problems in new areas completely by
rule of thumb and engineering judgment They must be
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Fig 19 Transformed interface stress using Prony
modulus

prepared to invest time in background preparation With
the present relative shortage of viscoelastic stress analysts,
such an investment can return large dividends

Appendix

To illustrate certain features of a viscoelastic analysis,
the interface stress between an elastic case and an incompres-
sible viscoelastic thick-walled cylinder under conditions of
plane strain will be calculated for an internal step function
in pressure It will be assumed that experimental stress
relaxation data have been given as in Fig 4 As the stress
analysis requires a knowledge of E(p) = pE ei(p), it is first
necessary to represent the experimental data

The simplest approximation is to use a three-element
model (Fig 1) such as

E !(»(*) = o-ei(OAo = E (1+ l(Eg/E) - 1] exp(- t/rm)}
For the experimental data of Fig 4, Eg = 12,500 and E =
123 Fitting the data at the center of the transition region,
say E i (10 ~10 min) = 1000 psi, it is found that rm = 0 377 X
10~10 As a more accurate representation, Knauss has
fit the data with an 18-point Schapery collocation to the
Prony series (2 55)

7? fs'i/A 7? I X~^Ei i(^(t) = Jbj -7- 7 j

k = l

For convenience, the curve fit constants are given in the table
on Fig 18

These approximations can be transformed, lespectively, by
direct analytical means to

EM(p) = pE^ i(p) = E + (Eg — E ) p / ( p + rm~l)
Ekprk

& (prk + 1)

which are compared in Fig 18, along with the approximation

900

( b,p)

'?00

10 7 10"'5 10~3 10 J

t(min)

resulting from the reflection of E ei(£) Note that, if the re-
flected curve is shifted by one-third of a decade, it nearly
coincides with the transformed Prony curve The mathe-
matical reasons for this success are inherently the same
as those which support Schapery's direct method of inversion

Proceeding to the solution for the viscoelastic contact
stress cr (b,t) [Eq (3 6)], as specialized to the incompressible
material v = |; one has, for the step function input P(p) =
Pt/P,

1
p 2(X2 -

As a typical example, consider the following specific values
of the parameters :

E = 1 X IO6 psi X - 6/0 = f# = 3

p = 0 33 pi = 1000 psi

h = 0 20 in

so that

(b,p) = 72 X 10-
which is plotted in Fig 19, using the modulus from the
Prony series

Using the direct method (3 12), the viscoelastic contact
stress is

a (b,p) = [pa (&,

Fig 20 Interface stress due to step function pressuriza-
tion

= 1/2* = 103/[1 + 72 X 10

By way of comparison, the analytical inversion of the three-
element solution gives

o- (fa,) = 919 - 819 exp(-0290 t/lQ'10)
These two solutions are shown in Fig 20, where the poor
broad-band quality of the three-element approximation is
immediately evident
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